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This paper extends the work presented in a previous publication (Hansford, 2011 [1], subsequently
referred to as Paper 1) to optimise the performance of a simple reﬂection-mode X-ray diffraction
instrument with respect to the geometrical conﬁguration. Both papers focus on the maximisation or
minimisation of quantiﬁable characteristics of the X-ray beam incident on the sample in order to
optimise the peak heights and widths in the resulting diffractogram. The reason for this approach is
mathematical tractability, and its success relies on the relationship between the incident beam
characteristics and the diffractogram properties. Part of Paper 1 was devoted to the minimisation of
the equatorial divergence angle of the X-ray beam, while keeping the total X-ray ﬂux constant, in order
to minimise the diffractogram peak widths. While equatorial divergence and peak widths are certainly
linked, their relationship is complex and depends quite signiﬁcantly on other geometric parameters. An
alternative optimisation approach is taken in this paper, focusing on the maximisation of the X-ray ﬂux
and minimisation of the incident beam axial divergence, while equatorial divergence is kept constant to
ensure at least reasonable resolution. The rationale for this approach is that the incident beam ﬂux and
the axial divergence angle are more directly linked to diffractogram peak heights and peak asymmetry,
respectively. Families of candidate geometric solutions result from this approach which is regarded as
advantageous because there is no unique optimised solution and it allows the parameter space to be
fully explored.
& 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
The overall aim of this paper is essentially the same as for Paper
1—the optimisation of a simple powder X-ray diffraction (XRD)
instrument with respect to geometric parameters. However, the
optimisation approach has a different emphasis. In Paper 1, the
equatorial divergence angle of the X-ray beam incident on the
sample was minimised while keeping the X-ray ﬂux constant, in an
effort to achieve the best possible resolution in the resulting
diffractogram. In effect, the equatorial divergence angle was used
as a proxy for the diffractogram peak widths. There is certainly a
relationship between the two, but one which is complex and
depends signiﬁcantly on other geometric parameters [2]. Indeed,
in the limiting case of a point source illuminating a suitably-curved
sample [3], the divergence angle of the source beam can be large
without affecting parafocusing, and it is for this reason that almost
all XRD instrument designs take advantage of parafocusing. The link
between equatorial divergence and diffractogram peak widths is
more ﬁrmly established when using a ﬂat sample.BY license.The approach taken in this paper is the maximisation of the X-ray
intensity incident on the sample and the minimisation of the incident
beam axial divergence angle. These easily-quantiﬁed parameters are
proxies for two important diffractogram characteristics, peak height
and peak asymmetry/tailing respectively, and the relationship
between the proxies and these characteristics is a reasonably direct
one. In order to ensure at least reasonable peak resolution in the
diffractogram, the incident beam equatorial divergence angle is ﬁxed
and the detectors are assumed to always lie on the parafocusing
circle. The size of the parafocusing circle is also ﬁxed.
The same basic conﬁguration of the powder XRD instrument as
in Paper 1 is assumed: a reﬂection-geometry instrument with
an 55Fe radioisotope source collimated with a single aperture
and illuminating a ﬂat sample, approximating a Seemann-Bohlin
camera. The purpose of the work presented here is to illustrate
the optimisation process and illuminate the relevant factors,
without arriving at a single optimised geometry which requires
speciﬁcation of the overall scientiﬁc priorities and the engineer-
ing constraints. The detailed mathematical development of the
optimisation process is presented in Section 2. In Section 3, a
series of trial geometries are generated by applying the derived
results and choosing appropriate values for the ﬁxed parameters.
The results are discussed and summarised in Section 4.
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2.1. Overview
The overall aim of the optimisation is to ﬁnd a geometrical
conﬁguration which produces diffraction peaks with high counts
and good resolution. Ray-trace modelling shows that the intensity
on the sample correlates directly with the integrated counts in the
diffractogram, rather than peak heights. Naturally, any increase in
the X-ray ﬂux may contribute to peak widths and tailing as well as
to peak heights. However, it is difﬁcult to imagine an increase in ﬂux
leading to a decrease in peak heights for any reasonable geometrical
conﬁguration. A positive correlation between the X-ray intensity on
the sample and peak heights is all that is needed for the former to be
a good proxy for the latter.
Long tails on diffractogram peaks is a well-known result of
high axial divergence [4,5], borne out by the simulations pre-
sented both in Paper 1 and in this paper although no effort has
been made to quantify peak asymmetry. Long tails are deleterious
for the performance because weak peaks can be obscured by the
tails of nearby strong peaks. The axial divergence angle is taken to
be a good proxy for peak asymmetry in this paper.
All of the geometrical parameters appearing in the following
analysis are deﬁned in Fig. 1. It is assumed that certain parameters
will be ﬁxed according to either scientiﬁc or engineering constraints,
or a combination of the two; namely, the incidence angle a, the axial
and equatorial sample dimensions, wa and we respectively, and the
size of the parafocusing circle. The latter ﬁxes the distance of
the virtual source from the sample, sv [1]. The free parameters are:
da, Da, de, De, L and s. The parameters va and ve appear in some
equations below, but these are determined by the remaining
parameters, and can be readily eliminated from the set of equations.
The overall analysis presented in the following sub-sections
proceeds as follows. First, the constraints imposed by geometry
on the relationships between the various parameters are devel-
oped in section 2.2. Next, the intensity and axial beam divergence
are optimised with respect to the source and aperture dimensions
(Da, da, De and de), sections 2.3 and 2.4. The rationale for the focus
on these parameters is that it is more likely that engineering
constraints will ultimately restrict the possible values of L and s,Source
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Fig. 1. Schematic diagrams (not to scale) to illustrate the layout of the source, collimat
also serve to deﬁne the geometrical parameters. In each case, the two most divergent
denote the plane which passes through the centres of the source, aperture and samplerather than the source/aperture dimensions. For example, the
minimum possible distance between the collimator and the
sample will be determined by practical limits on the mutual
accommodation of these two instrument elements. A second
reason is that this approach yields concrete optimisations rather
than revealing simply that one parameter or other should be as
large or as small as possible. Three speciﬁc optimisations are
derived, and these are applied either singly or in combination in
Section 2.5, at which point the overall intensity is maximised with
respect to L and s. This approach does not yield a unique optimised
geometric solution, but instead leads to several families of candidate
solutions. As a consequence of approximations introduced at several
points in the analysis, the generation of candidate solutions which
can be adapted as necessary is preferable to the generation of a
unique solution, which is not likely to represent a truly optimum
solution.
In the analyses presented in Sections 2.3 and 2.4 the optimisa-
tions are derived with respect to the axial and equatorial dimen-
sions independently, and as a consequence these optimisations
have wider applicability. For example, if the simple collimator is
replaced with a set of Soller slits to control axial divergence, the
analyses can be used to aid the choice of the equatorial dimen-
sions of the source and the Soller slits exit aperture.
2.2. Geometric constraints
The geometry shown in Fig. 1 imposes constraints on the
relationship between the various parameters. Looking ﬁrst at the
axial parameters, the axial divergence half-angle ea may be
written in several ways:
tan ea ¼ daþDa
L
¼ da
va
¼ wa
sþva
ð1Þ
Re-arrangement and elimination of va leads to the following
equation:
wa ¼
sðdaþDaÞ
L
þda ð2Þ
This equation (which reproduces Eq. (B.13) in Paper 1) relates the
axial parameters wa, da, and Da for any given values of L and s.ng 
e Sample
s
w
s
w
e: half-width 
of aperture
s




ing aperture and sample in the (a) axial and (b) equatorial planes. These diagrams
rays which can reach the sample are shown. The term ‘axial plane’ is used here to
and which is parallel to the axial direction.
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as follows, noting that ve¼svs:
tan ee ¼
deþDe
L
¼ de
svs
ð3Þ
The tilt of the sample in the equatorial plane complicates the
relation between ee and we; see Appendix A for the derivation of
the following equation:
tan ee ¼
wesin a
svþwecos a
ð4Þ
Note that the equatorial divergence angle depends only on
parameters which are ﬁxed according to the scheme outlined in
this paper, and is itself therefore ﬁxed. Eqs. (3) and (4) can be
combined in two different ways to yield:
we ¼
svðdeþDeÞ
Lsin aðdeþDeÞcos a
ð5Þ
de ¼
ðsvsÞwesin a
svþwecos a
ð6Þ
These two equations constrain the equatorial parameters. Com-
bining Eqs. (3), (4) and (6) yields an expression for De (which does
not represent an additional constraint):
De ¼
ðsþLsvÞwesin a
svþwecos a
ð7Þ
Eqs. (2), (5) and (6) constrain the six free parameters, reducing
the number of degrees of freedom to three. There are various
possibilities for optimisation of intensity and the divergence
angles using the remaining degrees of freedom. The remainder
of Section 2 develops these optimisations and their combinations.
2.3. Minimisation of the axial divergence angle
In Paper 1, it was shown that equatorial divergence, at constant
intensity, could be minimised with respect to the parameters de and
De by requiring that these parameters are equal. In the approach
described here, the equatorial divergence angle is ﬁxed by the choice
of other parameters, Eq. (4). However, by swopping the a and e
subscripts it is straightforward to show that the corresponding
result applies to the axial parameters:
da ¼Da ð8Þ
(this result was presented as an arbitrary, though reasonable,
constraint in Paper 1). Substituting into Eq. (2) yields:
da ¼Da ¼
waL
2sþL ð9Þ
2.4. Maximisation of intensity based on axial or equatorial
parameters alone
The axial and equatorial collimator parameters can also be
optimised to give the maximum intensity. Treating equatorial
parameters ﬁrst, re-arrangement of Eq. (5) for de gives:
de ¼ Lwesin aDeðsvþwecos aÞ
svþwecos a
ð10Þ
Based on solid angle considerations (see Paper 1, Appendix B), the
intensity of X-rays emerging from the collimator may be written:
E¼ daDadeDe
L2
ð11Þ
where all constant terms have been absorbed into E. This
equation is accurate as long as each of the four source and slit
dimensions are signiﬁcantly smaller than L. Substituting Eq. (10)into (11), and equating the partial derivative with respect to De to
zero gives the required value of De:
De ¼
Lwesin a
2ðsvþwecos aÞ
ð12Þ
Inspection of Eqs. (10) and (11) shows that this solution must
represent a maximum. Substituting this value for De into Eq. (10)
shows that de must have the same value:
de ¼De ð13Þ
It is interesting to note that this is the same constraint required to
minimise equatorial divergence for constant intensity (see Paper
1, Appendix B). Together with Eq. (3), this equation implies the
following relation between L and s:
L¼ 2ðsvsÞ ð14Þ
Turning now to axial parameters, re-arrangement of Eq. (2)
for da gives:
da ¼ waLsDa
sþL ð15Þ
Substituting into Eq. (11), and equating the partial derivative with
respect to Da to zero yields:
Da ¼ waL
2s
ð16Þ
which can be substituted into Eq. (15) to ﬁnd the corresponding
value of da:
da ¼
waL
2ðsþLÞ ð17Þ
For this optimisation, daaDa and it is therefore incompatible
with the minimisation of axial divergence, implying a trade-off
between maximum intensity and minimum axial divergence.
It is interesting to note that there is a difference in behaviour
of the axial and equatorial parameters in the above optimisations.
The key difference between the axial and equatorial analyses is
the signiﬁcance of the position of the virtual source relative to the
sample, sv, in determining the size of the parafocusing circle.
The position of the virtual source in the axial plane, sþva, which
need not be the same as sv, has no particular signiﬁcance and is
not constrained in the analysis presented here. The tilt of the
sample in the equatorial plane complicates the equations relating
to equatorial parameters, but is of less signiﬁcance in distinguish-
ing the behaviour of axial and equatorial parameters with respect
to optimisation. For example, if the incidence angle a is set to 901
then the geometric constraints on axial and equatorial para-
meters, Eqs. (1)–(7), become equivalent.
2.5. Optimisation with respect to the collimator length and the
aperture-to-sample distance
As described in Section 2.2, the number of degrees of freedom
are reduced to three by the geometric constraints. Three speciﬁc
optimisations were considered in Sections 2.3 and 2.4, sum-
marised as follows:A. Minimisation of the axial divergence, Eq. (9).
B. Maximisation of intensity using the equatorial collimator
dimensions, Eqs. (13) and (14).
C. Maximisation of intensity using the axial collimator dimen-
sions, Eqs. (16) and (17).
These optimisations may be applied individually or in combina-
tion, except that optimisations A and C are incompatible. Four
cases may be distinguished:
Case 1. application of optimisation A.
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Case 3. application of optimisations A and B together.
Case 4. application of optimisations B and C together.
It is also possible to apply optimisation B alone, but inspection of
the resulting set of constraints shows that the axial parameters
are under-determined in the sense that either da or Da would have
to be chosen rather than determined by optimisation, going
against the approach described in Section 2.1.
The remaining degrees of freedom in each case can be used to
minimise divergence or maximise intensity with respect to L and
s. Case 1 is developed here in greater detail, while the results for
the other cases are presented without derivation for the sake of
brevity. Substituting Eqs. (6), (7) and (9) into (11) gives the
following expression for the X-ray intensity incident on the
sample:
E¼ ðsvsÞðsþLsvÞw
2
aw
2
e sin
2 a
ð2sþLÞ2ðsvþwecos aÞ2
ð18Þ
This equation shows that the intensity goes approximately as the
square of the sample area (for realistic solutions, svcwe cos a),
considerably stronger than the linear dependence which might
naively be expected. There is also a strong dependence on the
incidence angle, though a change in the incidence angle would
likely, in practice, require a change in the position of the virtual
source as well, so the relationship is not a simple one. The
dependence on sample area and incidence angle is the same in
all four cases. The above expression can be maximised with
respect to the collimator length L, with the surprisingly simple
and non-intuitive result:
L¼ 2sv ð19Þ
If this value of L is substituted into Eq. (18), the expression for the
intensity becomes:
E¼ ðsvsÞw
2
aw
2
e sin
2 a
4ðsvþsÞðsvþwecos aÞ2
ð20Þ
which shows that the intensity is maximised for s as small as
possible (bearing in mind that 0ososv, and that all of the
geometric parameters must be positive for physically realistic
solutions). By combining Eqs. (1), (9) and (19), the expression for
axial divergence is given by:
tan ea ¼
wa
svþs
ð21Þ
Thus, while a small value for s will maximise the intensity, this will
be at the expense of increased axial divergence. Clearly, there is a
trade-off between intensity and axial divergence. Trial solutions can
be generated by choosing different values for s, with all other free
parameters determined by Eqs. (6), (7), (9) and (19).Table 1
Speciﬁcation of families of candidate solutions.
Case Value or range of L Relation between L and s Degrees of freedom
1a L¼2sv – 1
1b Lo(
ﬃﬃﬃ
5
p
1)sv s¼sv½LL2/4sv 1
1c L4(
ﬃﬃﬃ
5
p
1)sv – 2
2a L4sv – 2
2b Losv s¼½[sv–LþO(sv2–L2)] 1
3 Lo2sv L¼2(svs) 1
4 Lo2sv L¼2(svs) 1
a m/k indicates that the parameter should be as large/small as possible.
b L¼2sv to maximise intensity, and Case 1c is then identical to Case 1a.
c The values of L and s have no effect on axial divergence.The value of L speciﬁed by Eq. (19) could conceivably be
difﬁcult to achieve depending on engineering constraints. Assum-
ing a different value of L is chosen, the expression for intensity
can also be maximised with respect to s. Equating the partial
derivative of E with respect to s to zero leads to the solution:
s¼ sv
1
2
L L
2
4sv
¼ 1
4sv
ﬃﬃﬃ
5
p
þ1
 
svþL
h i ﬃﬃﬃ
5
p
1
 
svL
h i
ð22Þ
For s to be positive, L must satisfy the relation Lo(
ﬃﬃﬃ
5
p
–1)sv.
Lastly, L can also be chosen such that L4(
ﬃﬃﬃ
5
p
–1)sv, but
ignoring Eq. (19). In this case there is no speciﬁc value of s which
maximises intensity, and L and s both remain independent
parameters which can be freely chosen.
The preceding analysis shows that Case 1 may be sub-divided
into three possible approaches:
Case 1a. set L¼2sv and choose s.
Case 1b. choose Lo(
ﬃﬃﬃ
5
p
–1)sv and calculate s according to Eq.
(22); alternatively, set s and calculate L by solving Eq. (22).
Case 1c. choose L4(
ﬃﬃﬃ
5
p
–1)sv and s independently (deﬁned in this
way, Case 1a is a special case of 1c).
These options are summarised in Table 1, along with the corre-
sponding options for the other cases. Note that an explicit value of
either L or s is derivable only for Case 1a. For the other cases with
one degree of freedom, L and s are constrained by an inter-
relationship, as given in Table 1. Case 2 is sub-divided into two
distinct cases, 2a and 2b, depending on the value of L as speciﬁed
in Table 1.
Expressions can be derived for the intensity and axial diver-
gence as a function of either of the independent parameters L or s
(for Cases 1b, 2b, 3 and 4), analogous to Eqs. (20) and (21) for Case
1a. For Cases 1c and 2a, these expressions are necessarily
functions of L and s. From these, it is possible to determine
whether L and s should be as large or as small as possible in order
to maximise intensity and minimise axial divergence, and these
determinations are also reported in Table 1. To maximise inten-
sity, s should be small in all cases, while L should be as large as
possible except for Cases 1a and 1c. To minimise axial divergence,
s should be large, except for Case 3, for which the axial divergence
has the ﬁxed value tan ea¼wa/sv. L should be as small as possible
for Cases 1b, 2b and 4, is immaterial for Case 3, and as large as
possible for Cases 1c and 2a. Interestingly, a large value of L is
advantageous both for intensity and axial divergence for Case 2a.
However, both the intensity and axial divergence asymptote
towards limiting values for increasing L, while the sizes of the
instrument and of the radioisotope source increase without limit.
These issues are explored further in the following section.Maximise intensitya Minimise axial divergencea Independent parameters
sk sm s
Lm sk Lk sm L or s
skb Lm sm L and s
Lm sk Lm sm L and s
Lm sk Lk sm L or s
Lm sk –c L or s
Lm sk Lk sm L or s
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In order to generate trial geometries, the ﬁxed parameters must
ﬁrst be assigned with explicit values. The incidence angle is set to
a¼151, as in Paper 1. The diameter of the parafocusing circle is ﬁxed
at 160 mm, a size which is a reasonable match to the dimensions of
commercially-available charge-coupled devices (CCDs). According to
Brentano’s equation [1,3], the diameter of the parafocusing circle is
sv/sin a, so sv¼41.41 mm. The equatorial divergence half-angle ee is
chosen to be 1.071, reproducing the value used for several geo-
metries in Paper 1. Based on these parameters, Eq. (4) gives
we¼3.21 mm. Lastly, wa is ﬁxed at 7.00 mm, which gives a suitable
ratio for wa/we (see Paper 1). One further constraint is imposed,
namely that s cannot be smaller than 15 mm, in order to allow for
the mutual accommodation of the collimator and sample within an
actual instrument. While L and s cannot be unreasonably large, no
explicit limit is given.
Fig. 2 shows the variation of intensity and axial divergence as a
function of the independent parameters. For the cases with two
degrees of freedom, 1c and 2a, either L or s must have a chosen
value in order to calculate the functions. The chosen values are
L¼2sv¼82.82mm, for a direct comparison with 1a, and s¼15mm.
The plots are shown for the range 0ososv, but with dotted lines for
so15mm to emphasise the assumed engineering limit. The colli-
mator length must simultaneously satisfy L40 and the ranges given
in Table 1. The dotted lines indicate values of Lwhich give so15mm,
and so cannot be considered a valid geometry. Data is shown up to0
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Fig. 2. The variation of the X-ray intensity E as a function of the independent paramete
of the axial divergence half-angle ea as a function of (c) s and (d) L, for each case list
Cases 1a and 1c for parts (b) and (d). Cases 1b and 4 overlay each other in parts (b) and
value is shown adjacent to the relevant curve.L¼100mm, though the collimator can be indeﬁnitely long for Cases
1c and 2a.
Fig. 2(a) shows that the intensity drops quite rapidly as a
function of s in each case. Based largely on this graph, trial
geometries have been generated for s¼15 mm and 25 mm, indi-
cated by the vertical lines on the graphs. Fig. 2(b) shows the effect of
L on intensities; as described above, intensity increases with L in
every case except 1a/1c. The maximum in the curve for 1c is rather
shallow, and the collimator length may be changed over a signiﬁcant
range with very little effect on intensity. The dependence of axial
divergence on s and L are shown in Fig. 2(c) and (d) respectively. The
graphs show that for several cases, the axial divergence has a lower
limit, given by tan ea¼wa/sv. If this lower limit is too high, either
wa and/or sv must be changed, or a solution derived from 1a,1c or 2a
must be chosen. In some instances there is a clear link between the
optimisations applied in each case and the resulting behaviour. For
example, Cases 2a, 2b and 4 do not make any attempt to minimise
axial divergence, and tend to have the highest values of axial
divergence as a function of L and s. The same cases also tend to
have the highest values of intensity, though 2b has a relatively low
intensity (Fig. 2(a) and (b)), because the collimator length is
restricted to relatively low values.
Table 2 gives the details of all of the trial geometries. For Cases
1c and 2a, L has been set to 82.82 mm; for 1c, these geometries are
then identical to the 1a geometries so do not appear in the table.
Two additional geometries have been added. The ﬁrst is based on 1c,
taking advantage of the weak dependence of intensity on the0
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rs (a) aperture-to-sample distance s and (b) collimator length L, and the variation
ed in Table 1. The legend shown in part (a) applies to all four graphs, except for
(d). Where a value for either L or smust be speciﬁed in order to produce a plot, this
Table 2
Trial geometries.
Geometry s L Da da De de ea 55Fe strength/mCi E (Eq. (11)/103 E (PoDFluX) Peak widthsa
1a–1 15 82.82 5.139 5.139 1.054 0.493 7.071 135.4 2.001 (2.001)b 1.161
1a–2 25 82.82 4.365 4.365 1.240 0.306 6.021 135.3 1.054 1.054 0.861
1b–1 15 36.62 3.848 3.848 0.191 0.493 11.871 18.4 1.039 1.039 0.641
1b–2 25 25.17 2.344 2.344 0.164 0.306 5.801 9.6 0.435 0.436 0.491
1c–1 25 150.0 5.250 5.250 2.495 0.306 4.001 327.5 0.935 0.936 0.911
2a–1 15 82.82 19.325 2.963 1.054 0.493 15.061 509.2 4.338 4.227 1.371
2a–2 25 82.82 11.595 2.688 1.240 0.306 9.781 359.4 1.724 1.723 0.921
2a–3 25 150.0 21.000 3.000 2.495 0.306 9.091 1309.9 2.138 2.137 1.011
2b–1 15 34.43 8.033 2.438 0.150 0.493 16.921 30.1 1.222 1.188 0.611
2b–2 25 24.67 3.454 1.738 0.154 0.306 11.881 13.3 0.465 0.464 0.471
3–1 15 52.82 4.464 4.464 0.493 0.493 9.591 55.0 1.736 1.735 0.951
3–2 25 32.82 2.774 2.774 0.306 0.306 9.591 21.2 0.669 0.669 0.621
4–1 15 52.82 12.325 2.726 0.493 0.493 15.901 151.9 2.927 2.842 1.071
4–2 25 32.82 4.595 1.987 0.306 0.306 11.341 35.2 0.794 0.794 0.621
All dimensions and distances are expressed in mm. The ﬁxed parameters have the following values for all the geometries: a¼151, sv¼41.41 mm, we¼3.21 mm, wa¼7.00 mm.
a Peak widths are the FWHM values averaged over 2y¼30–501.
b The intensities derived from PoDFluX simulations have been scaled so that the value for geometry 1a–1 matches the value calculated using Eq. (11).
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Fig. 3. The X-ray intensity E plotted against the FWHM values, averaged over
2y¼30–501 (closed circles), and axial divergence half-angle ea (open circles) for
each geometry listed in Table 2. Note that the horizontal axes do not begin at zero.
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divergence. The second utilises the unique property of Case 2a
whereby a large value of L achieves both high intensity and low axial
divergence. These two geometries both have L¼150 mm, and
s¼25 mm (geometries 1c–1 and 2a–3). The ray-trace program
PoDFluX [6] was used to simulate the results for each geometry;
in the simulations, the 55Fe source area is elliptical while the
collimating aperture is rectangular. The 55Fe source strengths are
calculated relative to a circular 100 mCi source of diameter 4 mm
which is readily-available commercially.
Table 2 reports the intensity incident on the sample, calculated
using Eq. (11) and by PoDFluX. The agreement between the two is
extremely good for all geometries except three, 2a–1, 2b–1 and 4–1,
for which agreement is within 4%. These three geometries are
distinguished by having the ratio Da/L greater than 1/5. As noted
when Eq. (11) was introduced, it is accurate only if the source and
aperture dimensions are all signiﬁcantly smaller than L. PoDFluX
implicitly implements Eq. (11) in its calculation except when any of
the relevant dimensions exceeds L/5, in which case it switches to an
alternative, more accurate mode which has the penalty of extended
execution times. Thus, the approximation implicit in Eq. (11) is
present for all estimates of the intensity reported in Table 2 except
the PoDFluX estimates for geometries 2a–1, 2b–1 and 4–1. It is
important to note that none of the equations presented in this paper
are explicitly included in the PoDFluX code, and the agreement in the
intensity calculations is therefore a validation of the model.
The resolution achieved by each geometry has been calculated
using the parafocus model [1], and is reported in Table 2 as the
average full-width-at-half-maximum (FWHM) value in the range
2y¼30–501 on the grounds that this range is especially important
for mineral identiﬁcation. Clearly, the achieved resolution can vary
quite signiﬁcantly despite identical equatorial divergence angles for
all the geometries in Table 2, a key reason for generating a wide
range of geometries. The results are summarised in Fig. 3 in which
the intensity calculated for each geometry is plotted against both
the peak widths and the axial divergence angle. This plot can be
used as an aid to choose the more favourable geometries. The points
representing intensity versus peak width illustrate the inevitable
trade-off between intensity and resolution, forming a band extend-
ing between the lower-left and upper-right quadrants of the plot. A
similar trade-off exists between intensity and axial divergence,
though the points are more scattered in this case. More favourable
geometric solutions are those which lie towards the upper-left
quadrant (high intensity combined with narrow peaks and low
axial divergence).The PoDFluX simulations for several of the geometries have
been plotted in Fig. 4 for illustration. The intensities have been
normalised in order to emphasise the differences in the peak
widths and shapes, but the intensities must obviously be taken
into account in comparing the merits of each geometry. The
simulations of geometries 1a–2 and 2b–1 illustrate another trade-
off in addition to those described above: these geometries have
similar intensities but signiﬁcantly different axial divergence
angles and peaks widths, and the latter two quantities have in
effect been traded against each other. The inﬂuence of axial
divergence in producing greater peak asymmetry can be seen
especially for the 2b–1 simulation, but the peaks are nevertheless
more easily resolved because they are narrower in the FWHM
sense. The better resolution of this geometry can be seen, for
example, by inspection of the closely-spaced peaks near 5312y.
Interestingly, geometries 2a–2 and 3–1 have very similar values
of axial divergence, intensity and peak widths despite the fact
that their free parameters are distinctly different (see Table 2).
Their simulations are visually indistinguishable, and the strong
implication is that the values referred to may be regarded as
effective metrics, capturing the overall performance of any given
geometry. Of these two geometries, 3–1 would probably be
favoured in practice because it results in a more compact instru-
ment requiring a shorter collimator mounted closer to the
sample, and a smaller, less powerful source. The simulation for
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Fig. 4. PoDFluX simulations for the geometries 1a–2, 2b–1, 2a–2, 3–1 and 4–1. The
mineral forsterite was chosen because it has a convenient spread of diffraction peaks.
The simulations have been offset on the vertical axis for clarity. Each simulation has
been normalised in intensity relative to geometry 1a-2 using the intensities given by
Eq. (11) and reported in Table 2, in order to emphasise the differences in peak widths
and shapes. The scaling factors are shown next to the simulations. The expected
positions and relative intensities of the peaks are indicated by the stick plot below the
1a–2 simulation. The widths of the CCDs in the axial direction, across which detected
events at the Mn-Ka energy were integrated, was 15.36 mm in each case. To reduce
statistical noise in the diffractograms, an acquisition time of ten hours was used and
the 55Fe sources were assumed to have suffered no decay.
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also shown in Fig. 4 to illustrate the penalty paid in terms of
resolution and peak tailing.4. Discussion and conclusions
The results presented in the previous section suggest that
three metrics are important in capturing the relative merit of any
given geometry: the axial divergence of the incident beam, the
total X-ray intensity incident on the sample, and the FWHM
values of the diffractogram peaks. The ﬁrst two of these are
proxies for important diffractogram properties (respectively, peak
asymmetry and peak heights), and can be easily calculated using
the geometrical parameters deﬁned in this paper. Unfortunately,
the incident beam equatorial divergence angle is not a particu-
larly good proxy for peak widths—all of the geometries reported
in Table 2 have identical equatorial divergence half-angles of
ee¼1.071, yet the FWHM values range from 0.471 to 1.3712y. It
appears that there is no effective proxy for peak widths and
certainly no closed formula relating the peak widths to the
geometrical parameters, and herein lies much of the complexity
and difﬁculty in the optimisation of XRD instrumentation. To
derive peak widths, the instrument designer must use a non-
trivial method of calculation such as ray-trace modelling [6,7], or
the mathematical methods of Wilson [2] and others [8–12]. It
should be noted that the peak maxima in the simulations in Fig. 4
are shifted relative to their theoretical positions based on the
Bragg equation. These shifts would need to be accounted for in
the analysis of data from a real instrument, but are of minorsigniﬁcance with respect to optimisation of the instrument
geometry for intensity and resolution.
While narrower diffractogram peaks are essentially always desir-
able, enabling the analysis of more complex samples and mixtures, a
certain degree of peak asymmetry can be tolerated without serious
deleterious effects, at least for the type of instrument considered in
this paper. The simulations of geometries 1a–2 and 2b–1 in Fig. 4
illustrate this point. The optimisation approach described in Section 2
is merely one of a range of possible approaches; for example, the axial
divergence angle could be ﬁxed at a speciﬁc value, accepting an
associated degree of peak tailing. This approach would provide an
additional constraint, reducing the degrees of freedom to two when
combined with the geometric constraints.
The optimisation approach taken in Paper 1 was the minimisa-
tion of the incident beam equatorial divergence angle while ﬁxing
the intensity of X-rays from the collimator. The approach in this
paper focuses on maximising intensity and minimising the axial
divergence angle while ﬁxing the equatorial divergence angle and
parafocusing circle diameter to ensure at least reasonable resolution.
Overall, the latter approach is more successful. In developing the
analysis, several approximations and compromises have inevitably
been made. The generation of families of candidate solutions is
advantageous in order to fully explore the parameter space since
there is no unique optimum geometric solution.Acknowledgements
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Facilities Council.Appendix A. Derivation of the sample illumination width
in the equatorial plane
In reference to Fig. 1(b), applying the sine rule gives:
sin ee
we
¼ sin ðaeeÞ
sv
ðA:1Þ
Expanding the sine term on the right-hand side and simple re-
arrangement yields Eq. (4), and also an expression for we:
we ¼
svtan ee
sin acos a tan ee
ðA:2Þ
Note that the size of the illuminated width on the sample is not
equal on either side of the central axis of the incident beam. The
above equations apply to the part of the sample further away
from the source. It is straightforward to show that the corre-
sponding width on the part of the sample nearer to the source is
given by:
w0e ¼
svtan ee
sin aþcos a tan ee
ðA:3Þ
For ao901, w0e is necessarily smaller than we. Consequently,
using we to deﬁne the width in the equatorial plane guarantees
that the illuminated area lies entirely within 2we.
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